We present a new derivation of the momentum exchange algorithm first introduced by Ladd [12], to compute the flow force and torque on a submerged body. The starting point of our derivation is to consider the time derivative of the total momentum of a virtual fluid system that replaces the submerged body in the real problem. The new derivation gives, in turn, some correction terms to the original algorithm. We also present numerical tests that support the correctness of the formulas derived.
I. INTRODUCTION
During the last twenty-five years the LatticeBoltzmann methods (LBM ) have been greatly developed in many aspects. Today they can be used, to treat multiple problems involving both compressible and incompressible flows on simple and complex geometrical settings.
It is of crucial importance, in many applications that involve moving bodies surrounded by a fluid flow, to have a good method or algorithm to compute the flow force and torque acting on the bodies. By good we mean a method that is simple to apply, that is accurate and fast, so as not to spoil the efficiency of the flow computing method.
The classical way to compute forces, and so torque, on submerged bodies is via the computation and integration of the stress tensor on the surface of the body. In LBM the stress tensor is not a natural variable, its computation and extrapolation from the lattice to the surface is computationally expensive, which ruins the efficiency of the LBM. However, this method is widely used in LBM [11, 15, 24] .
In 1994 Ladd introduced a new method, the momentum exchange (ME ), to compute the flow force on a submerged body [12, 13] . Ladd's idea was rather heuristic and very successful, where the force is obtained by accounting the exchange of momentum between the surface of the body and the fluid, the latter being represented by "fluid particles" whose momentum is easily written in terms of the LBM variables that describe the fluid at the mesoscopic scale. The ME algorithm is specifically designed and adapted to LBM; it is therefore more efficient than stress integration from the computational point of view.
The ME algorithm has been tested and applied successfully to a variety of problems [13, 14, 18] . Some accuracy problems have been detected though, when applied to moving bodies [15, 22] . The main goal of this paper is to provide a formal derivation of the momentum exchange algorithm. This new derivation provides in turn, some corrections to the original Ladd's formula and also to some newer, improved versions of momentum exchange algorithm that have been proposed [22] . Instead of start thinking in the variables at mesoscopic level, we start by considering the time derivative the total momentum of a virtual fluid system that replaces the submerged body under consideration.
The rest of the paper is organized as follows. In section II we briefly discuss the lattice-Boltzmann method with the main purpose of introducing notation; the method used to treat boundary conditions is also explained in this section. In Section III, the core of the paper, we present our derivation of the momentum exchange method to determine both, the flow force and torque on static or moving bodies. In section IV we present three numerical tests where we implement the methods derived in section III. We compare our results with those obtained with the original Ladd's algorithm, and also with results obtained by other authors using various methods of computational fluid dynamics. In section V we make some comments.
II. THE LATTICE-BOLTZMANN METHOD
In this section we present the basic equations of the lattice Boltzmann methods with the main purpose of introducing the notation used along the paper. For a thorough description of the Boltzmann equation we refer to [7, 19] . For a more complete presentation of LBM we refer to [9, 20, 23] .
The Boltzmann equation (BE ) governs the time evolution of the single-particle distribution function f (x, ξ, t), where x and ξ are the position and velocity in phase space. The lattice Boltzmann equation (LBE ) is a discretized version of the Boltzmann equation, where x takes values on a uniform grid (the lattice), and ξ is not only discretized, but also restricted small number of values [10] . By far the models used most frequently are the ones with collision integral simplified according to the Bhatnagar, Gross, and Krook (BGK ) approximation [1] and with single relaxation time (SRT ) τ . In an isothermal situation and in the absence of external forces, like gravity, the LBE of this models read
is the i-th component of the discretized distribution function at the lattice site x A , time t, and corresponding to the discrete velocity c i . ω i is the i-th quadrature weight (explained below), and Q the number of discrete velocities in the model. In compressible-flow models the lattice constant δx, that separate two nearest neighbor nodes, and the time step δt are related with the speed of sound c/ √ 3 by δx = cδt [26] . The coordinates of a lattice node are x A , where the integer multi index A = (j, k, l) (or, A = (j, k) in the twodimensional case) denotes a particular site in the lattice. The equilibrium distribution function f eq is a truncated Taylor expansion of the Maxwell-Boltzmann distribution. It is this approximation what makes LBM accurate only at low Mach numbers [10] .
The macroscopic quantities such as the fluid mass density ρ(x, t), and velocity u(x, t), are obtained, in Boltzmann theory, as marginal distributions of f and ξf when integrating over ξ. In LBM this integrals are approximated by proper quadratures. Specific values of c i 's and ω i 's, i = 0, 1, . . . , Q − 1, are made so that these quadratures give exact results for the ξ-moments of order 0, 1 and 2 [10, 23] . We have
and
In the simulations we present in this paper, we are interested in incompressible flow problems, where we modify Eq. 3 according to the quasi-incompressible approximation presented in [8] . In this approximation ρ is replaced by ρ 0 , a constant fluid mass density. A single time step of the discrete evolution equation (1) is frequently written as a two-stage procesŝ
and The computation off i on the whole lattice, Eq. (4), is called the collision step, while the computation of f i at t + δt, Eq. (5), on the whole lattice is called streaming step.
Two results that we frequently use are
that follow from the properties of the integral collision operator [7, 19] and Eq. (1).
A. Treatment of boundary conditions
Many methods have been proposed in the literature to implement boundary conditions on moving boundaries with complex geometries in LBM. The method introduced in [5] , later improved in [16, 17] , has been extensively tested and is the one we use in the simulations presented in this paper. We explain this method briefly in what follows [27] .
We consider a body Ω with closed boundary ∂Ω immersed in a fluid flow, and concentrate in a small portion of the boundary and its surrounding fluid as shown in Figure 1 . The lattice nodes and links are also shown in the figure. Empty circles represent nodes lying inside the body, while filled circles represent nodes lying in the fluid region at the time shown. At time t a piece of boundary lie, in general, between lattice nodes. Consider a node F on the fluid with a neighbour node A inside the body. To determine the values of f i (x F = x A + c i δt, t + δt), the streaming step needs "non-existent" information coming from node A. It is the application of the boundary conditions what provides this information with the desired accuracy. The method presented in [5] proposes to determinef i (x A , t) so that the linearly interpolated velocity at the boundary point B is the correct boundary velocity at that point. This iŝ
whereī denotes the index for the opposite direction to c i (i.e., cī = −c i ), and
is a fictitious equilibrium distribution function at the fluid node A. ω i , i = 0, 1, . . . , Q−1, are the weight factors of the LBM method. u B = u(x B , t) and u F = u(x F , t) are the boundary and fluid velocities respectively, with x B the intersection point between the boundary and the link joining A with F. Different choices of u bf , a velocity between x B and x F , give alternative values of the parameter χ, the weighting factor that controls the interpolation (or extrapolation). To improve numerical stability [16, 17] propose
where 0 ≤ ∆ ≤ 1 is the fractional distance
Lattice nodes on either side of the boundary surface are treated as fluid nodes. This is, we think the body region Ω as if it was filled with fluid; an idea that will be essential in our derivation of the momentum exchange formulas in section III A. The idea of having fluid on both sides of the boundary simplifies the computational process, especially to overcome the problem of creating and destroying fluid when a node changes domain. An alternative way to treat the fluid close to boundaries is to evolve only outside the body and using, for example, the proposal of [2, 14] to update the nodes that change domain.
B. Forces evaluation in lattice Boltzmann method
It is of great interest to have a robust, accurate method to compute flow forces in fluid mechanics. Several algorithms have been proposed to carry out this in the context of LBM. Many of these procedures fall in one of the categories: stress integration (SI ) or momentum exchange (ME ). Stress integration is based on the classical hydrodynamic approach (see e.g., [11] ). Momentum exchange, introduced by Ladd [12] , was specifically designed for LBM and has been implemented and tested in many fluid-mechanical problems. We will refer to Ladd's original method as original momentum exchange (OME ).
OME was introduced as a heuristic algorithm by thinking the flow as composed by "fluid particles" and using particle dynamics to describe their interaction with the boundaries. Its implementation strictly depends on how the boundary conditions are treated. OME works well in many fluid-mechanical problems involving static and moving geometries. To the knowledge of the authors there are many applications and tests of OME, but no clear derivation of it in the literature. The work of Caiazzo and Junk present an analysis of ME that uses an asymptotic expansion [3] .
The computational performance of OME is higher than that of SI. In SI one needs to compute the stress tensor in all lattice nodes which are first neighbors of the body surface. One then needs to extrapolate the stress tensor to the surface, and finally obtain the total flow force on the body as an integral over the whole body surface. In OME the procedure is simpler. The total force on the body is the sum of all contributions due to momentum change, in the directions pointing towards the body surface, over all lattice nodes in the fluid which are neighbors to the body surface.
Some accuracy problems have been found when applying OME to determine the force acting on moving bodies [15] . To overcome these inaccuracies, Wen et. al. [22] have proposed an ad-hoc correction to OME that apparently improve the accuracy of the computed force acting on moving bodies. In this work we give a demonstration of ME, from a fluid mechanics perspective, in which correction terms for OME are found. We find that the corrections proposed in [22] are partially adequate.
III. MOMENTUM EXCHANGE METHOD
We want to simulate a fluid flow and submerged body motion within a region of space that we denote by V. We consider V to be a fixed region of space as seen on an inertial reference frame. We have covered V with a uniform constant lattice to solve the fluid motion by applying the lattice-Boltzmann method as described in section II.
The submerged body occupies a sub-region Ω(t) ⊂ V that we consider, along the whole simulation, strictly contained in V . As the time dependence indicates, Ω(t) doesn't need to be fixed. Ω(t) can move and could even change shape. In this paper we work with rigid bodies, though this rigidity assumption is not essential and can be relaxed. The treatment presented below for moving bodies includes the case of non rigid bodies.
Without loss of generality, the movement of the body is assumed to be prescribed along this derivation, i.e., Ω is given as function of t. During an actual computation the body movement is determined by integrating the equations of motion of the body simultaneously with the flow equations. The equations of motion of the body take into account the fluid force on the body, the bulk forces like weight, etc.
The boundary of the body ∂Ω is a moving, physical boundary for the flow. The flow everywhere is determined in such a way that the right boundary conditions are satisfied on ∂Ω while ∂Ω moves as prescribed by Ω(t).
In the rest of this section we present a derivation of the momentum exchange method for both, static and moving bodies.
A. Fluid force on a submerged body
To derive the force on the submerged body we turn to the following idea. We assume that the region Ω(t) is, instead of a submerged body, a portion of the same fluid whose flow is under study. We think of Ω(t) as a fluid or material system, as generally understood in fluid mechanics (see [6] , chapter 1), that moves inside a flow of a surrounding fluid of the same nature. The fluid flow inside Ω is such that the right boundary conditions are satisfied at ∂Ω, in particular, no mass crosses the system boundary ∂Ω. The interior and exterior flows together determine that the movement of ∂Ω is exactly as prescribed by Ω(t). Then, the time rate of change of the total momentum of the fluid inside Ω equals the exterior flow force acting on ∂Ω. This flow force is the same that would be obtained by projecting the stress tensor of the outer fluid in the normal direction to the surface and integrating over ∂Ω. We refer the fluid system inside Ω(t) as a virtual fluid, as this idea closely resembles that of virtual charges used in electrostatic theory to construct potentials with prescribed equipotential surfaces.
The accuracy of the computed force will clearly depend on how accurate the imposition of boundary conditions at ∂Ω is. Our, derivation of ME is independent of how boundary conditions are treated, though. Only when ME is applied one needs to make a particular choice of treatment for the boundary conditions. In this work, to perform the numerical tests, we impose the boundary conditions as described in section II A.
The total momentum of the virtual fluid, i.e. the fluid system inside Ω, is
Thus, the time rate of change of the momentum of Ω can be expressed as
Space integrals are discretized as sums over the lattice [28] . Let δV be the volume associated to a single lattice cell. The lattice size is constant, related to the time step by δx = cδt, and δV = δx D , being D the number of space dimensions. This uniformity assumption is not a restriction to treat problems with different scales. If necessary, one can use mesh refinement for example. In this case one needs to take it into account the constant relation between the lattice size and the time step.
Calling A t the set of all nodes A inside Ω(t), using (3) and neglecting the terms of order O(δt), we have
which, by (5), can be written as
(13) With assumptions done so far, Eq. (13) is a general expression to evaluate the flow force acting over a static or moving body. We discuss in what follows the cases of static and moving, submerged body.
Static body
If the body does not move, Ω and A are independent of t. Eq. (13) becomes
Notice thatf i is evaluated at nodes which are all displaced exactly by an amount −c i δt, which is an entire number of lattice sites in the direction of −c i (one lattice site for the D2Q9 model, may be one or two sites for a model that consider second neighbors like D2Q13 ).
To write the expression (14) as done in the literature we think of the set of displaced nodes as the original set of nodes A plus the set G i of gained nodes, this means the set of nodes that would be included in A if the body would move by −c i δt, minus the set L i of lost nodes, this is the set of nodes that would not be included anymore in
A if the body would move by −c i δt. In figure 2 we show an schematic configuration of a fluid system Ω and the displaced domains for two particular discrete velocities in a D2Q9 model. Thus, for each discrete velocity direction, we decompose each term of the sum over i in Eq. (14) as a sum over the set A plus what is added from set G i minus what should not be added from set L i . We get
Notice that, because of (7), the first sum vanishes. Also, all Lattice Boltzmann models are symmetric in the sense that if c i is one of the model's speeds, then −c i is also one of them. Clearly, the lost nodes corresponding to a direction i are exactly the gained nodes, displaced by an amount c i δt, corresponding to the opposite direction and vice versa. Therefore, if we denote withī the index for the opposite direction to c i (i.e., cī = −c i ), the force can be written as
Equation (16) is precisely the expression that appears extensively in the literature.
Moving body
When the body moves, Ω(t) depends on time and so does set of nodes A t . In this case we denote by G 
In all cases, the gray areas are proportional to the corresponding sets of nodes.
−c i δt (see Figure 3 , right). Proceeding as done in section III A 1, and considering the time dependence of the sets, equation (13) becomes
For a moving body there is also the real, physical displacement of the body. From t to δt the real displacement will be smaller than the virtual displacement c i δt for any i = 0, because we are assuming a low Mach number flow (see Figure 3 , left). For some time steps, one can even expect the set of nodes A t+δt to be the same as the set of nodes A t . In any case it is useful define the sets of nodes A Then, the first term in Eq. (17) can be expressed as
From (17) and (18) we get
where we have cancelled out terms by using (7), and have also used that cī = −c i . Equation (19) is a general expression of the flow force acting over a closed rigid body with general movement. We can identify two different contributions to this force. The last sum is very similar to that of OME, being the difference that the set of nodes is evaluated at t + δt. The first two sums are a contribution to the force that originates in the fact that some lattice nodes enter or leave the body region as it moves around.
A slightly different approximation to the flow force acting on a moving body was presented in [22] . In that work an expression that takes into account the gained and lost nodes is given without theoretical derivation. Nevertheless, the authors find that their proposal is in good agreement with the force computed using other methods.
B. Fluid torque on the submerged body
To determine the movement of the submerged body we need, besides the total flow force acting on the body, the total flow torque acting on it. In this section we derive an expression for the torque on the rigid body occupying the region Ω(t) produced by the fluid flow surrounding this region. We follow the same idea we have used to derive the fluid force and consider the region Ω(t) filled with fluid. As before, we assume that the flow is not affected by gravity of other body forces.
The total angular momentum of the fluid system inside Ω(t),
where r(x) = x−x 0 is the position vector with respect to a reference point x 0 . The flow torque T on the fluid system inside Ω(t), with respect to x 0 , is the time derivative of H. Thus
Proceeding as in section III A, we use Eq. (3) and approximate space integrals by sums over the lattice. We have from Eq. (21)
t) . (22)
Equation (22) gives the total fluid flow torque on the fluid system Ω(t) with respect to a reference point x 0 . As we have done for the force evaluation, we give explicitly the expression to evaluate the torque acting on static and moving bodies.
Static body
If the body doesn't move, the geometric variables are time independent. Then, from the Eq. (22) we have
t) . (23)
We rewrite the term withf i as done in section III A 1, and use the same definition for the sets G i and L i , (see Figure 2) . We have
Thus, from equation (23), we get
Notice that, from Eq. (7), the first sum vanishes. As before, we denote byī the direction opposite to i, then
t) . (25)
As for the force, we have a sum over the nodes A ∈ G i ∀ i, which are the first neighbor nodes to surface ∂Ω. Equation (25) is presented in the literature as the expression to evaluate the torque on a submerged body using OME. Our derivation makes clear that this expression is valid for static bodies. For moving bodies we obtain corrections to (25) .
Moving body
For a moving body, as we have seen in section III A 2, the sets Ω(t), A t and the sets of gained and lost nodes G 
. (26) where Eq. (7) was used to eliminate the sum over the set A. We obtain
Thus, the torque acting on a moving fluid system is the sum of two different contributions. On the one hand, a contribution coming from the nodes that arrive (A + t ) and leave (A − t ) the system region Ω(t+ δt). On the other hand, a contribution of momentum exchange applied to the fluid system at time t + δt.
Equation (27) is different than the OME expression to evaluate the torque. We find in our simulations that our expression gives more accurate results than OME (see Section IV).
IV. NUMERICAL TESTS
In this section we check the expressions derived in section III to compute the force and torque acting on a submerged body, hereafter corrected momentum exchange (CME ). To this end we perform three benchmark tests on well known problems that have been tested and benchmarked widely with others computational fluid dynamics (CFD ) methods, such as finite element method (FEM ) and finite difference methods.
We are interested in analyzing the dynamics of single bodies and a pair of rigid bodies sedimenting across a vertical channel filled with a Newtonian fluid. The bodies are either circular or elliptic discs. The accuracy in the determination of the force and torque acting on the falling body directly affects the body's movement. If the force and torque are computed correctly, the displacement and rotation of the discs across the domain should be in agreement with data presented in the literature [4, 15, 21, 22, 24] .
To solve the flow we use a D2Q9 lattice scheme and SRT with τ = 0.6. The fluid density and the kinematic viscosity are set to ρ f = 1000 kg/m 3 and ν = 1 × 10 −6 m 2 /s respectively. The fluid is initially at rest and has zero velocity at the horizontal and vertical boundaries at all times. We implement these boundary conditions with the method presented in [25] . The acceleration of gravity acting on the body is g = 9.81 m/s 2 downwards.
The motion of each body is determined by integrating Newton's equation of motion, where the force is given by the fluid flow force, weight and buoyancy force. To integrate in time we use Euler Forward numerical scheme, which is first order accurate as the LBM method and CME method itself.
A. Sedimentation of a circular disc
In this benchmark test we analyze the dynamics of a single two-dimensional disc sedimenting across a vertical channel, shown schematically in figure 4 . We test the dynamics of the disc for two density relations r ρ = ρ b /ρ f , with ρ b and ρ f the densities of the body (disc) and the fluid respectively.
FIG. 4: An schematic diagram of the sedimentation discs problem configuration
The dimensions of the vertical channel are W = 4d and H = 8W ; the disc diameter is d = 1 × 10 −3 m. The disc center is initially placed at (x, y) = (7.6 × 10 −4 , 0) m with the coordinate origin at 2.5 × 10 −2 m from the bottom of the channel and placed as shows the figure 4. We discretized the computational domain with n x × n y = 135 × 1073 lattice points.
We When the disc is released from the initial position at t = 0, it starts moving and rotating across the channel. As one can see in the figures, the movement of the disc can be divided into two regimes: A transient and a stationary regime.
We compare the results we obtained using both OME and CME. Our results, particularly the one obtained with CME, are in good agreement with tests presented in [15] (obtained using LBM with SI), [22] (obtained using LBM with corrected ME) and [4] (obtained using FEM). We observe visible discrepancies between CME and OME, particularly for the horizontal velocity and position. The major discrepancy shows in the transient regime; no significant discrepancies can be seen in the stationary regime. Similar observations have been made by Wen et. al. [22] and Li et. al [15] .
B. Sedimentation of an elliptic disc
In this section we present a benchmark test, similar to the previous one, where the circular disc is replaced with an elliptical disc, also sedimenting in a vertical channel filled with Newtonian fluid. This test is also widely analyzed in the literature. We study a problem as the one presented by Xia et. al. [24] , where the authors use LBM and SI to obtain the forces on the body.
We show in Figure 7 a schematic diagram of the problem. We define three dimensionless parameters that characterize the problem. These parameters are the aspect ratio α = a/b, with a and b the major and minor axes of the ellipse respectively, the blockage ratio β = W/a, with W the width of the vertical channel, and the density ratio r ρ as defined in Section IV A.
An exhaustive analysis of this sedimentation problem was carried out by Xia et. al. [24] . They studied the influence on the dynamics of the density ratio, the aspect ratio, and the channel blockage ratio. For simplicity we analyze this problem with a fix blockage ratio, chosen so that we don't need to consider the wall-particle interaction. Our interest is to test the method proposed in the present work, not to give a complete description of the sedimentation problem. We carry out simulations with a fixed geometrical configuration and for four density ratios.
In our tests we use major axis a = 1 × 10 3 m, aspect ratio α = 2 and blockage ratio β = 4.0. The properties of the fluid are the same used in Section IV A. Initially, the fluid is at rest, the center of the ellipse is placed at (x, y) = (0.5W, 0)m. The coordinate origin at 4.8 × 10 −2 m from the bottom of the vertical channel. To break the symmetry of the problem, we choose an initial angular position θ 0 = π 4 . We set, following [24] , a height H = 50a and a width W = 4a. The domain is discretized in a lattice with n x × n y = 135 × 1676 points. We make runs for four density ratios r ρ = 1.01, 1.10, 1.30 and 1.50.
In the Figure 8 we show the result of our simulation using CME for r ρ = 1.10. This result is compared with the one we obtained using OME. In Figure 9 we show our results for density relations r ρ = 1.01, 1.10, 1.30 and 1.50, where the dynamical variables are given as a function of time and the complete trajectory of the ellipse is also shown. Our results using CME are in good agreement with the results of Xia et. al. [24] . It is clear from Figure 8 , that there exists an important difference, in the transient regime, with the results obtained using OME. Comparison between CME and OME methods for the case r ρ = 1.10. All magnitudes are expressed in the international system of units.
C. Sedimentation of two circular discs-Pure wake interaction
In this section we present a benchmark test where two circular discs with different densities sediment in a vertical channel. We label the discs as 1 and 2, and place them in the vertical channel, at t = 0, as shown in Figure 10 . The setting of the problem is such that no direct contact between the discs or with the walls occur as a consequence of time evolution.
This problem has been tested by Uhlmann [21] using a finite difference scheme to solve the Navier-Stokes equation. We choose this as a simple problem where a complex interaction between the discs occurs. This interaction is mediated by the flow field only so that a collision model is not needed. Figure 7 , using CME, for four different density ratios. In all plots the continuous line is used for r ρ = 1.01, the long-dashed line for r ρ = 1.10, the short-dashed line for r ρ = 1.30 and the dotted line for r ρ = 1.50.
r ρ2 = 1.25. The centers of the discs are initially placed at (x, y) 1 = (0.87, 0.8) m and (x, y) 2 = (1.13, 1.2) m, as shown in Figure 10 , being the coordinate origin placed at the upper left corner of the domain. The fluid viscosity is set as ν = 8 × 10 −4 m 2 /s. We set a lattice with n x × n y = 485 × 4171, that give us a relation d/δx ≈ 48, similar to that used in [21] . Both discs and fluid are completely at rest at t < 0; the discs are released at initial time t = 0 and start moving under the action of gravity.
The results of our simulation using CME are shown in figures 11 and 12. Our simulation runs until t = 8.5 when the heavier disc arrive to the bottom of the boundary domain. In Figure 11 the trajectories of the centers of both discs are shown. The influence of the interaction of the discs and flow is clearly notable. The distortion of the trajectory is much larger on the lighter disc. In the heavier disc trajectory, the "oscillations" are larger at the beginning, when the disc is higher in altitude and then more influenced by the lighter disc wake. In Figure 12 we show the vertical and horizontal displacements and velocities of both discs as function of time. Our results show a qualitative agreement with those presented in [21] . We can observe however some minor discrepancies, particularly on the horizontal velocity of the lighter disc. we obtain are coincident with the original Ladd's algorithm for the case of static bodies. Our derivation gives, in turn, corrected formulas for the case of moving bodies. Even when in this work we concentrate on rigid bodies, the formulas we find for the case of moving bodies are also valid for non-rigid bodies. Our method of deriving momentum exchange does not use a particular treatment of the boundary conditions on the body surface. The expressions obtained for the flow force and torque can be applied with several of the various methods proposed in the literature to treat the boundary conditions, as long as the boundary conditions are correct in the sense that no mass transfer occur across the boundary of the body.
In the last part of the paper we have tested the corrected momentum exchange expressions we obtained by simulating three problems which are well know in the literature, a sedimenting circular disc, a sedimenting elliptic disc and two sedimenting circular discs. Our results clearly show the difference between the results of the corrected momentum exchange as compared to those of the original algorithm for the case of moving bodies. The results of our corrected expressions are in good agreement with those obtained by other authors using similar and different computational fluid dynamic methods such as finite element methods.
An interesting step to follow would be to simulate a non-trivial dynamical problem where experimental data are available. We are working on one such problem on a three dimensional setting and where we implement mesh (or lattice) refinement. The results we obtain will be reported in a future work.
